The present paper studies the strong ellipticity for all crystal classes of tetragonal system in a linearly elastic material. Explicit conditions characterizing the strong ellipticity of the elasticity tensor are established for the tetragonal system with six elasticities (that is tetragonal-scalenohedral, ditetragonal-pyramidal, tetragonal-trapezohedral, ditetragonal-dipyramidal crystal classes) as well as for the tetragonal system with seven elasticities (tetragonal-disphenoidal, tetragonal-pyramidal and tetragonal-dipyramidal crystal classes).
Introduction
For a linearly anisotropic elastic solid the components C ijkl of the tensor of elastic moduli satisfy the symmetries
while the indices i, j, k, l take values 1, 2, 3. The strong ellipticity condition states that C ijkl n i n k m j m l > 0; ð1:2Þ
for all non-zero vectors m ¼ ðm 1 ; m 2 ; m 3 Þ and n ¼ ðn 1 ; n 2 ; n 3 Þ, where Einstein summation convention is assumed. The strong ellipticity condition is of importance in discussing uniqueness, wave propagation (see e.g. Gurtin, 1972, p. 86) , loss of ellipticity in the context of the non-linear elasticity of fibre-reinforced materials (see Merodio and Ogden, 2003) and also in the study of spatial behaviour of the constrained anisotropic cylinders (see Chirit ßȃ and Ciarletta, 2006) . In this paper we consider the tetragonal system and use the standard notation c 11 À c 12 > 0; c 11 þ c 12 þ 2c 66 > 0; ð1:13Þ that is relation (1.7) 1 . While the relation (1.12) leads to (1.8).
Remark 2. If we consider the case of cubic system, that is we make c 33 ¼ c 11 , c 13 ¼ c 12 and c 55 ¼ c 66 , then the relations (1.6)-(1.8) reduce to c 11 > 0; c 66 > 0; À2c 66 À c 11 < c 12 < c 11 : ð1:14Þ
In fact, the relation (1.8) is identically satisfied.
Remark 3. For an isotropic material we have c 11 ¼ k þ 2l, c 66 ¼ l and c 12 ¼ k (k and l the Lamé coefficients) and therefore, the strong ellipticity condition (1.14) reduces to k þ 2l > 0; l > 0;
ð1:15Þ
which coincides with the condition given in Gurtin (1972) .
We can prove Theorem 2 by using a direct procedure like that used in the proof of Theorem 1 or by using the results established in Theorem 1. It is this the reason for which we find convenient to treat separately the above two classes of elastic crystals.
We have to outline that, recently Chirit ßȃ et al. (2007) have developed a method for obtaining necessary and sufficient conditions for strong ellipticity in several classes of anisotropic linearly elastic materials. Previous results on the strong ellipticity of transversely isotropic materials have been obtained by Padovani (2002) , Merodio and Ogden (2003) Let us now consider the relation (2.4) and note that it can be written as c 33 c 55 ðn
ð2:12Þ for all m 3 2 R and for all non-zero vectors ðm 1 ; m 2 Þ and ðn 1 ; n 2 Þ. Therefore, if we set
into relation (2.12), we deduce
for all non-zero vectors ðm 1 ; m 2 Þ and ðn 1 ; n 2 Þ. Let us first note that, by setting n 1 ¼ km 1 , k 2 R, and n 2 ¼ m 2 ¼ 0, the relation (2.14) implies Furthermore, we write the inequality (2.14) as
; ð2:18Þ
and hence, we have We proceed now to obtain the restrictions on the elastic coefficients imposed by the inequality (2.22). To this end we first observe that for j c 13 þ c 55 j y < c 55 ; Conversely, starting with relations (1.6)-(1.8), by means of relations (2.27)-(2.40), we can conclude that (2.22) holds true. Furthermore, this implies (2.14) and moreover, (2.12) and (2.4) hold true. Consequently, the strong ellipticity condition (2.1) is satisfied and the proof of Theorem 1 is complete.
3. Strong ellipticity for tetragonal system C 4 generated by R Further, we shall follow a procedure similar with that developed in the above section for establishing the restrictions placed upon the elastic coefficients of the tetragonal system in discussion by the strong ellipticity condition (3.1). Therefore, regarding (3.1) as a quadratic equation in n 3 2 R we deduce ½ðc 12 þ c 66 Þm 1 m 2 AE c 16 ðm For later convenience we note that (3.15) implies ðc 11 À c 12 Þðc 11 þ c 12 þ 2c 66 Þ > 0 and hence, by recalling (3.9), we obtain
Àc 11 À 2c 66 < c 12 < c 11 : Therefore, the inequality (3.28) is equivalent with Thus, by means of the relations (3.5), (3.9), (3.10), (3.22), (3.27), (3.33) and (3.34), we can conclude that the relations (1.9)-(1.12) hold true. Conversely, we start with the relations (1.9)-(1.12). Then relation (1.12) implies that (3.32) holds true and hence 3.26 is true. On this basis we deduce that (3.24), and hence (3.4), are true. Furthermore, by means of (1.9)-(1.11) we can conclude that (3.2) and (3.3) are true. Consequently, relation (3.1) is true and so the proof of Theorem 2 is complete.
Reduction to the tetragonal system with six elasticities
It is well known that, by means of a coordinate transformation, any elastic tensor of tetragonal symmetry with seven elasticities can be always reduced to an elastic tensor of tetragonal symmetry with six independent elasticities. With this idea in mind we proceed in what follows to establish Theorem 2 by using the results described in Theorem 1. To this end we consider a rotation R h e 3 of the Cartesian system and note that the system of non-zero components of the elasticity tensor with respect to this new Cartesiayn system are as follows: . sinð4h À uÞ:
ð4:5Þ
Now, we choose the angle of rotation h in such a way that c 0 16 ¼ 0, that is we have only six elastic coefficients and so we can reduce the problem of characterization of the strong ellipticity for the class with seven coefficients to that with six coefficients. This means we have 4h À u ¼ jp; j 2 f0; 1g;
ð4:6Þ and hence we obtain 
